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Abstract
We show that every hereditarily indecomposable subcontinuum of the inverse limit of copies of the lexicographic arc is metric.
It is observed that the technique of proof generalized to the lexicographic cube or hypercubes.
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If {Xi}∞i=1 is a sequence of Hausdorff spaces then X =
←−−lim{Xj ,f ji }i<j denotes the inverse limit space of this
system; πn :X → Xn denotes the projection onto the nth coordinate space. For the purposes of this paper we limit
ourselves to a countable inverse system where all the bonding maps are onto. [According to [4] uncountable inverse
limits of arcs are arcs and so cannot produce non-degenerate hereditarily indecomposable continua.] Notation: f n+1n
is denoted by fn. The reader may wish to Ref. [1] for additional details about inverse limit systems. If R ⊂ Xn for
some integer n then ←−R denotes the set of points of X that “run” through R: ←−R = {x = {xi}∞i=1 | πn(x) = xn ∈ R}.
Notation: If X is a space and M ⊂ X then cl(M) denotes the closure of M and Bd(M) denotes the boundary of M .
An important theorem needed for some of our lemmas is the following:
Theorem 1. If X is a compact set and A and B are two closed subsets of X and no subcontinuum of X intersects both
A and B then X is the union of two disjoint closed sets one containing A and the other containing B .
Various forms of the following lemma have appeared in the literature; though generally in the metric case. One
can obtain a proof of this fact by using the reasoning of Krasinkiewicz and Minc from the proof of their Lemma 2 in
[3] (see also [2]).
Lemma 2. Suppose that X is a continuum. Then X is hereditarily indecomposable iff for each pair of disjoint closed
sets E and F and pair of open sets U and V containing E and F respectively that X is the union of three closed sets
A, B , and C: X = A ∪B ∪C so that:
E-mail address: smith01@auburn.edu.0166-8641/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2007.05.014
2814 M. Smith / Topology and its Applications 154 (2007) 2813–2816F ⊂ A, E ⊂ C, A∩ C = ∅,
A ∩B ⊂ U − E and B ∩C ⊂ V − F.
Following are lemmas concerning facts about Hausdorff arcs similar to those about metric arcs. The proofs are
straightforward or sufficiently close to the metric case and so will be omitted. We assume that there is an order “<”
defined on the arc α = [A,B] by the standard order topology with the order from A to B .
Lemma 3. Suppose that {Xi}∞i=1 is a sequence of Hausdorff arcs and X =
←−−lim{Xj ,f ji }i<j is the inverse limit space
of this system of spaces and onto functions; suppose further that r and s are two points of X1 with r < s. Then there
is a sequence {αn}∞i=1 of subarcs: αn ⊂ Xn so that α =
←−−lim{αj ,f ji |αj }i<j is a subcontinuum of X and π1(α) = [r, s].
Lemma 4. If I is a Hausdorff arc, f : I → I , f (p) < f (q) and f (p) r < s  f (q), then there exist points u and v
in the interval [p,q] so that f ([u,v]) = [r, s].
Hausdorff arcs, as is the case with metric arcs, satisfy the least upper bound axiom. Thus we can speak of the first
and last points of closed subsets of these arcs. We let L denote the standard lexicographic arc. Thus L = {(x, y) ∈
R × R | 0 x  1,0 y  1}. The points of L are ordered as follows: if “<” denotes the standard order on the reals
then (x1, y1) <L (x2, y2) if and only if x1 < x2 or x1 = x2 and y1 < y2. Ordinarily the subscript L will be omitted if
it is clear which order is meant. We use the standard interval and segment notation for L; thus if a and b are points of
L then (a, b) = {x ∈ L | a < x < b} and [a, b] = {x ∈ L | a  x  b}. It is well known that L with the order topology
is a non-metric Hausdorff arc. For ease of notation we denote the point (x, y) by xy ; thus L has endpoints 00 and 11.
Also it is easy to see that L is the union of c many metric arcs: {[x0, x1] | 0 x  1} = {[(x,0), (x,1)] | 0 x  1}.
Theorem. Suppose that L is the lexicographic arc and X is inverse limit of copies of L: X = ←−−lim{Xj ,f ji }i<j . Then
X is not hereditarily indecomposable.
Proof. We suppose now that there is a hereditarily indecomposable continuum X that is the inverse limit of copies
of L: X = ←−−lim{Xj ,f ji }i<j . We will refer to the collection {
←−
R | R is a connected open subset of Xi for some i ∈ Z+}
as the standard basis for X.
Suppose that  < 14 is a positive number. Let r , s , u and v be the points of L defined as follows:
r = 0;
s = 1;
u = (1 − )0;
v = (1 − )1.
Let E = {x = {xi}∞i=1 ∈ X | x1  r} and F = {x = {xi}∞i=1 ∈ X | x1  v}. Note that
←−−−−−−
(u, v)∩F = ∅ and ←−−−−−(r, s)∩
E = ∅. So, by Lemma 2 X is the union of three closed sets A , B , and C so that:
E ⊂ A, F ⊂ C, A ∩ C = ∅,
A ∩B ⊂ ←−−−−−−(u, v) and B ∩C ⊂ ←−−−−−(r, s).
Note by construction that neither A nor B intersects F and neither B nor C intersects E .
For each  we wish to identify an integer and certain sets; for notational convenience let us assume that  is fixed and
we will repress repeated introductions of . First let us define sets: H1 = E = π−11 ([00, r]), H2 = A ∩π−11 ([r, s]),
H3 = A ∩π−11 ([s, u]), H4 = (A ∪B)∩π−11 ([u, v]), H5 = B ∩π−11 ([s, u]), H6 = (B ∪C)∩π−11 ([r, s]),
H7 = C ∩ π−11 ([s, u]), H8 = C ∩ π−11 ([u, v]), H9 = F = π−11 ([v,11]). Then the sets H1,H2, . . . ,H9 form
a closed covering of X and is a simple chain of sets, i.e. Hi ∩ Hj 
= ∅ if and only if |i − j |  1. Then there exists
an integer n so that the sets Ki , i = 1,2, . . . ,9, defined by Ki = πn(Hi) form a simple chain of sets covering Xn.
Consider an arbitrary arc R = [a, b] lying in Xn such that [r, v] ⊂ f n1 (R). Then there exists an arc M = [c, d] ⊂ R
such that f n({c, d}) = {r, v} and f n(M) = [r, v], without loss of generality, we can assume that f n(c) = r and1 1 1
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and we have:
1. M1 = M ∩ (f n1 )−1(r), M9 = M ∩ (f n1 )−1(v),
2. f n1 (M2) ⊂ [r, s], f n1 (M8) ⊂ [u, v],
3. f n1 (M3) ⊂ [s, u], f n1 (M5) ⊂ [s, u], f n1 (M7) ⊂ [s, u],
4. f n1 (M4) ⊂ [u, v), f n1 (M6) ⊂ (r, s].
The connectedness of the arc M implies that we can replace conditions 2 and 3 by:
2′. f n1 (M2) = [r, s], f n1 (M8) = [u, v],
3′. f n1 (M3) = [s, u], f n1 (M5) = [s, u], f n1 (M7) = [s, u].
Let: p = max{x  c | x ∈ M1} and q = min{x  p | x ∈ M4}. Then [p,q] ⊂ M2 ∪ M3 and f n1 ([p,q]) = [r, u]
and thus [p,q] and hence M2 ∪ M3 contains a subarc S1 = [p,q] that maps onto [s, u]. Similarly there is a subarc
S2 of M5 that maps onto [s, u] and a subarc S3 of M7 ∪ M8 that maps onto [s, u]. By the simple chain property
these arcs are disjoint and we have shown that if R is an arbitrary arc whose image under f n1 contains [r, v] then R
contains three disjoint arcs mapped onto [s, u]. Since the choice of n depends on  we use N to denote the integer
n corresponding to the choice of .
Then there exists an integer N so that the set { | N = N} is uncountable.
Suppose that 0 < δ < , Nδ = N = N , f = f N1 . Then we have 0 < rδ < sδ < r < s < u < v < uδ < vδ < 1.
From above there are three disjoint arcs that are mapped onto [sδ, vδ]. Since sδ < r < s < u < v < uδ then each
of these arcs contains three arcs that are mapped onto [s, u]. This process can be continued for ′ > . So, since
{ | N = N} is uncountable, there exists infinitely many disjoint intervals in XN that are mapped by f N1 onto the
interval [( 14 )1, ( 34 )0]. (Recall that xy denotes the point (x, y) in the lexicographically ordered square disc.)
Without loss of generality, let us assume that we have an infinite sequence of intervals {Ij }∞j=1 with Ij preceding
Ij+1 and f ([Ij ]) = [( 14 )1, ( 34 )0]. By the least upper bound principle there is a point P that is the least upper bound of
the set
⋃∞
j=1 Ij . This contradicts the continuity of f at the point P and the theorem is established. 
Note that it is not difficult to construct an inverse limit of the lexicographic arc that is indecomposable by using a
lexicographic version of the standard “rooftop” bonding map. The proof of the above theorem applies just as easily to
the lexicographic cube or lexicographic hypercubes of higher dimensions.
Since a proper subcontinuum of the lexicographic arc L is non-metric if and only if it contains a copy of the
lexicographic arc L, we have the following:
Corollary 1. Let X = ←−−lim{Xj ,f ji }i<j be the inverse limit of copies of the lexicographic arc L. If M is a hereditarily
indecomposable subcontinuum of X then M is metric. (In fact it is either a point or a pseudo-arc.)
As indicated above there is a version of Corollary 1 for cubes and hypercubes with the topology defined by the
generalized lexicographic ordering.
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